Reconstruction of Domain Wall Universe and Localization of Gravity by Higuchi, Masafumi & Nojiri, Shin'ichi
ar
X
iv
:1
40
2.
13
46
v1
  [
he
p-
th]
  6
 Fe
b 2
01
4
Reconstruction of Domain Wall Universe and Localization of Gravity
Masafumi Higuchi1,∗, Shin’ichi Nojiri1,2,†
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2 Kobayashi-Maskawa Institute for the Origin of Particles and the Universe, Nagoya University, Nagoya 464-8602, Japan
We construct a four-dimensional domain wall universe by using the Brans-Dicke type gravity
with two scalar field. We give a formulation where for arbitrarily given warp factor and scale factor,
we construct an action which reproduces both of the warp and scale factors as a solution of the
Einstein equation and the field equations given by the action. This formulation could be called as
reconstruction. We show that the model does not contain ghost with negative kinetic term and
there occur the localization of gravity as in the Randall-Sundrum model. It should be noted that
in the equation of the graviton, there appear extra terms related with the extra dimension, which
might affect the tensor mode in the fluctuations in the universe.
PACS numbers: 95.36.+x, 98.80.Cq
I. INTRODUCTION
Many scenarios that our universe could be a brane in the higher dimensional space-time have been proposed [1–6].
Especially trace anomaly was used for the inflationary brane world models [7–9]. The brane may be given by a limit
where the thickness of the domain wall vanishes. In fact the domain world scenario, where we live on on the domain
wall with finite thickness (thick brane), was proposed in [10] before the proposition of the brane world scenario and
bent domain wall [11] as well as dynamical domain wall [12] were also investigated. After that there were many
activities in the domain wall or thick brane universe scenario [13–18]. Recently in [19], it has been proposed a domain
wall model with two scalar fields and it has been shown that we can construct a model which generates space-time,
where the scale factor of the domain wall universe, which could be the general FRW universe, and the warp factor
are arbitrarily given. Such a formulation can be a generalization of the reconstruction of the domain wall [20]. A
formulation, where only the warp factor of the domain wall can be arbitrary, was proposed in the seminal paper [13].
In the model [19], the scalar field equations can be identified with the Bianchi identities: ∇µ (Rµν − 12Rgµν) = 0 and
therefore the equations can be satisfied automatically.
A critical problem in the formulation of [19] is that there appears a ghost scalar field, whose kinetic term has
non-canonical signature, in general although a model without ghost was proposed. In this paper, we show that we
can construct a model which is ghost free and reproduces given scale and warp factors, by using the Brans-Dicke type
model where a scalar field couples with the scalar curvature directly in the action. Furthermore we show that the
graviton is localized on the domain wall and there appears massless graviton propagating on the domain wall in the
model proposed in [19]. The massless graviton on the four dimensional brane world corresponds to the zero mode
of the graviton in the five dimensional space-time. This tells that the graviton is localized on the domain wall even
in the Brans-Dicke type model proposed in this paper. In the equation of the graviton, however, there appear extra
terms related with the extra dimension, which may affect the tensor mode of the fluctuation in the universe.
In the next section, we review on the formulation in [19]. In section III, we construct the Brans-Dicke type model
without ghost. In section IV, we observe that the graviton is localized on the domain wall but in the equation of the
graviton, there appear extra terms. The last section V is devoted with the discussions.
II. DOMAIN WALL MODEL WITH TWO SCALAR FIELDS
In this section, we review the formulation of the domain wall model with two scalar fields based on [19]. The
formulation is a generalization of the formulation in [21], where it was shown how we can construct models which
admit the exact solutions describing the domain wall with given warp factor, and it was used a procedure for a scale
factor in [22].
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2A. Reconstruction of general FRW domain wall universe
We now investigate general domain wall, which can be regarded as a general FRW universe, and the. metric of the
space-time in five dimensions is given by
ds2 = dw2 + f (w, t)
{
dr2
1− kr2 + r
2dθ2 + r2 sin2 θdφ2
}
− e (w, t)
2
f (w, t)
dt2
≡ eln f(w,t)γmn (x) dxmdxn + hαβ (y) dyαdyβ . (2.1)
Here m,n = 1, 2, 3, α, β = 0, 5, and y0 = t, y5 = w. By choosing
f (w, t) = L2eu(w,t)a (t)
2
, e (w, t) = L2eu(w,t)a (t) , (2.2)
we find that the general FRW universe, whose metric is
ds2FRW = −dt2 + a (t)2
{
dr2
1− kr2 + r
2dθ2 + r2 sin2 θdφ2
}
, (2.3)
is embedded by the arbitrary warp factor L2eu(w,t) in the five dimensional space-time.
The following action with two scalar fields φ and χ was proposed in [19]:
Sφχ =
∫
d5x
√−g
{
R
2κ2
− 1
2
A(φ, χ)∂µφ∂
µφ− B(φ, χ)∂µφ∂µχ− 1
2
C(φ, χ)∂µχ∂
µχ− V (φ, χ)
}
. (2.4)
We can construct a model to realize the arbitrary metric written in the form of (2.1).
For the model (2.4), the energy-momentum tensor could be given by
T φχµν =gµν
{
−1
2
A(φ, χ)∂ρφ∂
ρφ−B(φ, χ)∂ρφ∂ρχ− 1
2
C(φ, χ)∂ρχ∂
ρχ− V (φ, χ)
}
+A(φ, χ)∂µφ∂νφ+B(φ, χ) (∂µφ∂νχ+ ∂νφ∂µχ) + C(φ, χ)∂µχ∂νχ . (2.5)
On the other hand, the field equations read
0 =
1
2
Aφ∂µφ∂
µφ+A∇µ∂µφ+Aχ∂µφ∂µχ+
(
Bχ − 1
2
Cφ
)
∂µχ∂
µχ+B∇µ∂µχ− Vφ , (2.6)
0 =
(
−1
2
Aχ +Bφ
)
∂µφ∂
µφ+B∇µ∂µφ+ 1
2
Cχ∂µχ∂
µχ+ C∇µ∂µχ+ Cφ∂µφ∂µχ− Vχ . (2.7)
Here Aφ = ∂A(φ, χ)/∂φ, etc. We now choose φ = t and χ = w. Then we find
T 00 = −
f
2e2
A− 1
2
C − V , T ji = δ ji
(
f
2e2
A− 1
2
C − V
)
, T 55 =
f
2e2
A+
1
2
C − V , T 50 = B , (2.8)
and
0 =− f
2e2
Aφ +
f
e2
(
e˙
e
− 2f˙
f
)
A+Bχ +B
(
e′
e
+
f ′
f
)
− 1
2
Cφ − Vφ , (2.9)
0 =
f
2e2
Aχ − f
e2
Bφ +
f
e2
(
e˙
e
− 2f˙
f
)
B +
1
2
Cχ + C
(
e′
e
+
f ′
f
)
− Vχ . (2.10)
3We may solve Eqs. (2.8) with respect to A, B, C, V and obtain
A =
e2
κ2f
(
G 11 −G 00
)
=
e2
κ2f
(
G 22 −G 00
)
=
e2
κ2f
(
G 33 −G 00
)
=
1
κ2
(
−e
2f ′′
f2
+
ee′′
f
+
2ke2
f2
− f¨
f
+
f˙2
2f2
+
e˙f˙
ef
)
,
B =
1
κ2
G 50 =
1
κ2
(
−3e
′f˙
2e3
+
3f˙ ′
2e2
)
,
C =
1
κ2
(
G 55 −G 11
)
=
1
κ2
(
G 55 −G 12
)
=
1
κ2
(
G 55 −G 13
)
=
1
κ2
(
−f
′′
2f
− e
′′
e
− 2k
f
− f¨
2e2
− f˙
2
2e2f
+
e˙f˙
2e3
+
3f ′e′
2fe
)
,
V =
1
κ2
(
G 00 +G
5
5
)
=
1
κ2
(
−3f
′′
4f
+
3k
f
+
3f˙2
4e2f
− 3f
′e′
4fe
+
3f¨
4e2
− 3e˙f˙
4e3
)
. (2.11)
Here Gµν is the Einstein tensor. Therefore the equations (2.9) and (2.10) are nothing but the Bianchi identities:
− f
2e2
Aφ +
f
e2
(
e˙
e
− 2f˙
f
)
A+Bχ +B
(
e′
e
+
f ′
f
)
− 1
2
Cφ − Vφ = − e
2
2f
∇µG 0µ , (2.12)
f
2e2
Aχ − f
e2
Bφ +
f
e2
(
e˙
e
− 2f˙
f
)
B +
1
2
Cχ + C
(
e′
e
+
f ′
f
)
− Vχ = ∇µG 5µ . (2.13)
Therefore the equations (2.9) and (2.10) are automatically satisfied by choosing A, B, C, and V by (2.11).
B. An example of reconstructed model
In the action (2.4), when one of the eigenvalue of the matrix
(
A B
B C
)
is negative, there appears a ghost, which
conflicts with the quantum mechanics (see [23], for example). In [19], some examples, where no ghost field appears,
were given in case k = 0, just for simplicity.
As an example, we may assume a(t) ∝ th0 with a constant h0. Then, the equations in (2.11) give,
κ2A = − U¨
U
+
3U˙2
2U2
+
h0U˙
tU
+
2h0
t2
, L2κ2B = −3U
′U˙
2U3
+
3U˙ ′
2U2
,
κ2C = −3U
′′
2U
+
3U ′
2
2U2
+
1
L2
(
− U¨
2U2
− 5h0U˙
2tU2
− 3h
2
0 − h0
t2U
)
. (2.14)
Here U (w, t) ≡ eu(w,t). By further assuming U (w, t) = W (w) T (t), Eq. (2.14) can be rewritten as
κ2A = − T¨
T
+
3T˙ 2
2T 2
+
h0T˙
tT
+
2h0
t2
, L2κ2B = 0 ,
κ2C = −3W
′′
2W
+
3W ′
2
2W 2
+
1
L2WT 2
(
− T¨
2
− 5h0T˙
2t
−
(
3h20 − h0
)
T
t2
)
. (2.15)
We now also assume T ∝ tβ and obtain
− T¨
2
− 5h0T˙
2t
−
(
3h20 − h0
)
T
t2
∝ −1
2
(
β2 − (1− 5h0)β + 6h20 − 2h0
)
= −1
2
{β + (3h0 − 1)} {β + 2h0} . (2.16)
4This tells that T is given by
T (t) = T1t
1−3h0 + T2t
−2h0 , (2.17)
and we obtain
A =
1
κ2

32
(
T˙ (t)
T (t)
+
2h0
t
)2
 > 0 , κ2C = −3W
′′
2W
+
3W ′
2
2W 2
= −3
2
(lnW )′′ . (2.18)
Then if lnW is convex, C becomes positive. If we choose
W (w) = e
−
√
1+w
2
w2
0 , (2.19)
with a constant w0, we find
C =
3
2κ2
1
w2
0(
1 + w
2
w2
0
) 3
2
> 0 . (2.20)
Because both of A and C are positive and B vanishes, any ghost does not appear in this model. Since a(t) ∝ th0 ,
the domain universe corresponds to the universe filled with the perfect fluid whose equation of state parameter w is
given by
w = −1 + 2
3h0
. (2.21)
Since we now have f (w, t) = L2T (t) e
−
√
1+w
2
w2
0 a20t
2h0 , e (w, t) = L2T (t) e
−
√
1+w
2
w2
0 a0t
h0 in (2.2). Then by using the
last equation in (2.11), we find the explicit form of the potential V :
V =− 3
4κ2
[
W ′′
W
+
W ′
2
W 2
− 1
L2WT
(
T¨
T
+
5a˙T˙
aT
+
2a¨
a
+
4a˙2
a2
)]
=− 3
4κ2
1
w20

2− 2
1 + χ
2
w2
0
−
(
1 +
χ2
w20
)− 3
2

 . (2.22)
By replacing w by χ, we have obtained the explicit form of the potential V (χ) in terms of the scalar field χ. We
should also note that we obtain a brane in the limit of w0 → 0.
III. BRANS-DICKE TYPE MODEL
As mentioned at the beginning of Subsection II B, the action (2.4) includes ghost field in general. In this section,
by using the Brans-Dicke type model, we consider a formulation where arbitrary FRW universe is realized without
ghost. For the purpose, we use the example in Subsection II B, which does not include any ghost. When we consider
the model, whose metric is given by scaling the metric in the model without ghost, the model does not include ghost,
either.
In this section we work by using the conformal time τ , which is related with the cosmological time t in (2.1) or
(2.3) by
dτ =
dt
a(t)
, (3.1)
and the FRW metric (2.3) can be rewritten as
ds2FRW = a (t (τ))
2 [−dτ2 + {dr2 + r2dθ2 + r2 sin2 θdφ2}] , (3.2)
5In this section, we only consider k = 0 case, for simplicity, again. In case of Subsection II B, a(t) = a0t
h0 with
constants a0 and h0 and we find the explicit relation between τ and t, as follows
τ =
t1−h0
(1− h0) a0 . (3.3)
Then if we define a new scalar field ϕ by
ϕ = ϕ(t) ≡ φ
1−h0
(1− h0) a0 , (3.4)
we find
ϕ = τ , a(t) = a˜(τ) = a0 ((1− h0) a0τ)
h0
1−h0 . (3.5)
Then arbitrary warp factor a (t (τ)) = A(τ) can be realized by multiplying a function with the metric gµν by
A(τ)2
a˜(t(τ))2
=
e2Θ(t) or
gµν → e−2Θ(φ)gµν . (3.6)
Then since
R→ e2Θ(φ) (R+ 8Θ(φ)− 12∂µΘ(φ)∂µΘ(φ)) , (3.7)
in five dimensions, the action (2.4) can be rewritten as
Sφχ =
∫
d5x
√−g
{
e−3Θ(φ)R
2κ2
− 1
2
e−3Θ(φ)
(
A(φ, χ) − 12
κ2
Θ′(φ)2
)
∂µφ∂
µφ− e−3Θ(φ)B(φ, χ)∂µφ∂µχ
−1
2
e−3Θ(φ)C(φ, χ)∂µχ∂
µχ− e−5Θ(φ)V (φ, χ)
}
=
1
2κ2
∫
d5x
√−g


(
a0φ
h0
A(φ)
)3
R− 3
(
a0φ
h0
A(φ)
)3 1
2
(
T˙ (φ)
T (φ)
+
2h0
φ
)2
− 4
(
A′(φ)
A(φ)
− h0
φ
)2 ∂µφ∂µφ
− 3
2w20
(
1 +
χ2
w20
)− 3
2
(
a0φ
h0
A(φ)
)3
∂µχ∂
µχ+
3
2w20
(
a0φ
h0
A(φ)
)5 2− 2
1 + χ
2
w2
0
−
(
1 +
χ2
w20
)− 3
2



 . (3.8)
This action can be regarded as the action in the Jordan frame action. Let assume that the particles in the standard
model of the elementary particle physics couple with the metric in the Jordan frame and do not couple with the scalar
field φ nor χ. Then if we start with the action (3.8), we can realized any history of the expansion of the universe
given by a (t (τ)) = A(τ).
IV. LOCALIZATION OF GRAVITON
In the second Randall-Sundrum model [3], the massless graviton is localized on the brane. The massless graviton
corresponds to the zero mode of the graviton in five dimensions. In [19], it has been shown that the graviton can be
localized on the domain wall, which corresponds to the flat, de Sitter, or anti-de Sitter space-time. In this section, we
show that the localization of the graviton could occur in the model (2.4), which tells that the localization occurs even
in the Brans-Dicke type model (3.8), since we do not change the warp factor in the scale transformation (3.6). An
interesting point is that there appears a correction proportional to the derivative of the warp factor with respect the
time in the equation of the graviton. This correction may affect the tensor mode of the flucutuation in the universe.
Before going to the problem of the localization, we need to find the equation of the graviton in the FRW universe in
four dimensions. In order to find the equation, we consider the model where a scalar field coupled with gravity. After
that we compared the equation for the zero mode of the graviton in five dimensions with the equation of the graviton
in four dimensions.
6A. Equation of graviton in four dimensional FRW universe
We now consider the following perturbation
gµν → gµν + hµν . (4.1)
Then we obtain
δRµν =
1
2
[∇µ∇ρhνρ +∇ν∇ρhµρ −∇2hµν −∇µ∇ν (gρλhρλ)− 2Rλ ρν µhλρ +Rρµhµν +Rρνhρµ] , (4.2)
δR =− hµνRµν +∇µ∇νhµν −∇2 (gµνhµν) . (4.3)
By imposing the gauge condition
∇µhµν = gµνhµν = 0 , (4.4)
the Einstein equation Rµν − 12gµνR = κ2Tµν has the following form:
1
2
[−∇2hµν − 2Rλ ρν µhλρ +Rρµhµν +Rρνhρµ − hµνR+ gµνRρλhρλ] = κ2δTµν . (4.5)
We may consider scalar field theory in [24], whose action is given by
Sφ =
∫
d4x
√−gLφ , Lφ = −1
2
ω(φ)∂µφ∂
µφ− V (φ) . (4.6)
Then we obtain
Tµν = −ω(φ)∂µφ∂νφ+ gµνLφ , (4.7)
and therefore
δTµν = hµνLφ + 1
2
gµνω(φ)∂
ρφ∂λφhρλ . (4.8)
Because we are now interested in the graviton, we may assume hµν = 0 except the components with µ, ν = 1, 2, 3.
In the FRW universe (2.3) with k = 0, we may assume φ = t in (4.8), Then by using the FRW equation
3
κ2
a˙2
a2
=
ω
2
+ V ,
1
κ2
(
2
a¨
a
+
a˙2
a2
+
k
a2
)
=
ω
2
− V , (4.9)
we find
ω =
1
κ2
(
2
a¨
a
+ 4
a˙2
a2
+
k
a2
)
, V = − 1
κ2
(
a¨
a
+
a˙2
a2
+
k
a2
)
. (4.10)
By using (4.5), (4.8), (4.10), and φ = t, we find the equation of graviton:
0 =
(
2
a¨
a
+
a˙
a
∂t − ∂2t +
△
a2
)
hij . (4.11)
B. Localization of the graviton on the domain wall
In this subsection, we show that the graviton can be localized on the domain wall or there exists a zero mode
solution in the equation for the graviton in five dimensions. Explicit formulas for the connection and curvatures are
given in Appendix.
By using (2.8) and (2.9) or
κ2A =− u¨+ 1
2
u˙2 − 2 a¨
a
+ 2
a˙2
a2
+
a˙u˙
a
+ 2
k
a2
,
κ2B =− 3
2
u˙′ ,
κ2C =− 3
2
u′′ − 1
2
L−2e−u
(
u¨+ u˙2 + 2
a¨
a
+ 5
a˙u˙
a
+ 4
a˙2
a2
+ 4
k
a2
)
,
κ2V =− 3
4
[
u′′ + 2u′2 − L−2e−u
(
u¨+ u˙2 + 2
a¨
a
+ 4
a˙2
a2
+ 5
a˙u˙
a
+ 4
k
a2
)]
, (4.12)
7we find the equation for graviton in five dimensions:
0 =
[
∂2w − u′′ − u′2 + L−2e−u
(
u¨+
a˙u˙
a
+ u˙∂t + 2
a¨
a
+
a˙
a
∂t − ∂2t +
△
a2
)]
hij . (4.13)
By assuming hij(w, x) = e
u(w,t)hˆij(x), we find the following equation:
0 =
(
2
a˙u˙
a
− u˙∂t + 2 a¨
a
+
a˙
a
∂t − ∂2t +
△
a2
)
hˆij . (4.14)
Then if u goes to minus infinity sufficiently rapidly for large |w|, hij(w, x) is normalized in the direction of w and
therefore there occurs the localization of graviton.
We should also note that if u˙
(
2 a˙
a
− ∂t
)
hˆij = 0, the above expression (4.14) coincides with the equation for the
graviton in (4.11). Especially when the warp factor does not depend on time, that is, u˙ = 0, two expressions coincide
with each other. Conversely if u˙ 6= 0, there could appear some corrections proportional to u˙ when we consider the
tensor perturbation.
V. DISCUSSIONS
By using the Brans-Dicke type gravity with two scalar field, we constructed a four-dimensional domain wall universe.
In the formulation, when the warp factor and scale factor are arbitrarily given, we can construct an action which
reproduces both of the warp and scale factors as an exact solution of the Einstein equation and the field equations
given by the action. The obtained model does not contain ghost with negative kinetic term and there occur the
localization of gravity as in the Randall-Sundrum model. In the equation of the graviton, there appear extra terms
related with the extra dimension, which is proportional to the derivative of the warp factor with respect to the
cosmological time t. This extra terms might affect the tensor mode in the fluctuations in the universe and might be
found by the observations of the CMB and/or the structure formation of the universe.
The remaining problem is to investigate the stability of the domain wall solution, which requires the time-dependent
perturbation from the solution. The existence of the massless graviton may tell that the model could be stable under
the perturbation of the tensor mode in the metric. We need, of course, to include the perturbation of the scalar mode
including the scalar fields φ and χ, in order to verify the stability, which could be a future work.
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1. Explicit expressions of connections and curvatures in five dimensions
In this appendix, we give explicit expressions of connections and curvatures in five dimensional space-time, whose
metric is given by
gAB =


−L2eu(w,t)
L2eu(w,t) a(t)
2
1−kr2
L2eu(w,t)a(t)2r2
L2eu(w,t)a(t)2r2 sin2 θ
1

 . (1)
Then the connections are given by
Γttt =
1
2
u˙ , Γwtt =
1
2
L2euu′ , Γrrt = Γ
θ
θt = Γ
φ
φt =
a˙
a
+
1
2
u˙ , Γttw = Γ
r
rw = Γ
θ
θw = Γ
φ
φw =
1
2
u′ ,
Γtij = L
−2e−u
(
a˙
a
+
1
2
u˙
)
gij , Γ
r
rr =
kr
1− kr2 , Γ
w
ij = −
1
2
u′gij , Γ
θ
θr = Γ
φ
φr =
1
r
,
Γrθθ = −r(1 − kr2) , Γφφθ = cot θ , Γrφφ = −r(1− kr2) sin2 θ , Γθφφ = − cos θ sin θ . (2)
8The Ricci curvatures have the following forms:
Rtt =
[
−1
2
u′′ − u′2 + 3
2
L−2e−u
(
u¨+
a˙u˙
a
+ 2
a¨
a
)]
gtt ,
Rij =
[
−1
2
u′′ − u′2 + 1
2
L−2e−u
(
u¨+ 5
a˙u˙
a
+ 2
a¨
a
+ 4
a˙2
a2
+ u˙2 + 4
k
a2
)]
gij ,
Rww = −2u′′ − u′2
Rtw = −3
2
u˙′ . (3)
The scalar curvatures is
R = −4u′′ − 5u′2 + 3L−2e−u
(
u¨+
1
2
u˙2 + 3
a˙u˙
a
+ 2
a¨
a
+ 2
a˙2
a2
+ 2
k
a2
)
. (4)
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